



























, Riemann $\lceil\ddot{\mathrm{U}}\mathrm{b}$er die Anzahl der Primzahlen
unter einer gegebenen Gr\"osse\rfloor
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(Linnik [4]) $\zeta(s)=\Sigma_{n=1}^{\infty}n^{-s}$ Riemann , $\chi$ mod $q$









{Dirichlet $L$ } $=$ {Riemann }
. Riemann Dirichlet $L$
. , Sprindzuk [8] Riemann







( ) $L$ ( s, $\chi$ ) $\zeta(s)$ $\chi$-twist , $L$
$\chi$-twist (2. 1) .
( ) Dirichlet $\mathrm{G}\mathrm{L}(1)$ , $\mathrm{G}\mathrm{L}’(n)$
$\pi$ $L$ $L$ (s, $\pi$ ) $\zeta(s)$ (2.1) 2
, $(*)$ ( ) $L$
Euler .







. ( ) $\pi$ $\chi$-twist $\pi\otimes\chi$
$L$ , $L(\mathit{8}, \pi)$
. , $L$
Selberg .
Selberg , (S-I)\sim (S-5) $L$ ( s) ,
$\mathrm{S}$ ( [1] ).
(S-1) $L$ (s) ${\rm Re}(s)>1$ Dirichlet .
(S-2) $L$ (s) , $s=1$ .
(S-3) $L$ (s) ( $srightarrow 1-s$ )
(S-4) $L$ (s) Dirichlet Ramanuj an
(S-5) $L$ (s) Euler ,
Dirichlet $L(s)=\Sigma_{n=1}^{\infty}a$ (n) $n^{-s}$ Dirichlet ;bB $\chi$ $\chi$-twist $L$\chi (s) $L_{\chi}(s)=$
$\Sigma_{n=1}^{\infty}a(n)\chi(n)n$-s . $L(s)\in S$ $L_{\chi}(s)\in S$
. $L$ (s) $q_{L}$ $(q, q_{L})=1$ Dirichlet
$\chi \mathrm{m}\mathrm{o}\mathrm{d} q$ $L_{\chi}(s)\in \mathrm{S}$ [1].
1. $L$ (s) Selberg $L$ , $\chi \mathrm{m}\mathrm{o}\mathrm{d} q$ Dirichlet
. $L_{\chi}(s)$ Selberg , $L_{\chi}(s)$ $s=1$ .
, $h\in C_{\mathrm{c}}^{\infty}$ (0, o)
$0 \leq^{x^{(\rho)=0}}\sum_{\iota_{{\rm Re}(\rho\rangle\leq 1}}\int_{0}^{\infty}h(Xu)u^{\rho}\frac{du}{u}=$ $\sum_{L(\rho)=0,0\leq{\rm Re}(\rho)\leq 1}\int_{0}^{\infty}h(Xu)\lambda_{\chi}(u)u^{\rho}\frac{du}{u}+O(1)$ $(Xarrow+0)(3.1)$
. , $\lambda_{\chi}(u)$
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$\lambda_{\chi}(u)=\frac{1}{\tau(\overline{\chi})}\sum_{a=1}^{q}\overline{\chi}$ (a)e$2\pi iau/q$ (3.2)
$\mathrm{R}$ .
4. ( )
4.1. $L$ Riemann .
$S_{k}$ weight $k$ , (level 1)
. $S_{k}$ $f$ (z) Fourier
$f(z)= \sum_{n=1}^{\infty}a_{f}(n)e^{2\pi inz}$
. $f\in S_{k}$ , Fourier $f$ L-
$L(s, f)$
$L(s, f)= \sum_{n\geq 1}a_{f}(n)n^{-s}$ .
. Ramanujan-Deligue $a_{f}(n)<<_{\epsilon}n^{(k-1)/2+\epsilon}$
$\sigma>(k+1)/2$ . $L$ ( s, $f$ )
$\Lambda(s, f)=(2\pi)^{-s}\Gamma(s)L(s, f)=(-1)^{k/2}\Lambda(k-s, f)$
$f\in S_{k}$ normalized Hecke-eigen cusp form $L$ (s, $f$ ) Euler
$L(s, f)= \prod_{p}(1-a_{f}(p)p^{-s}+p^{k-1-2s})^{-1}$ .
.
2. $f\in S_{k}$ normalized Hecke-eigen cuspform . $\zeta(s)$ Riemann








1 $\lceil\zeta(s)$ ${\rm Re}(s)> \frac{2}{3}=\frac{1}{2}+$ . .
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4.2. Rankin-Selberg $L$ Riemann .
2 weight $k$ , leve normalized Hecke-eigen cusp form
$f(z)= \sum_{n=1}^{\infty}a(n)e^{2\pi inz}\in S_{k}$ , $g(z)= \sum_{n=1}^{\infty}b(n)e^{2\pi inz}\in S_{k}$
, $L$ Euler
$L(s, f)= \prod_{p}(1-a(p)p^{-s}+p^{k-1-2s})^{-1}=\prod_{p}[(1-\alpha_{p}p^{-s})(1-\beta\wedge p^{-s})]^{-1}$ ,
$L(s, g)= \prod_{p}(1-b(p)p^{-s}+p^{k-1-2s})^{-1}=\prod_{p}[(1-\gamma_{p}p^{-s})(1-\delta_{p}p-S)]^{-1}$ ,
. Rankin-Selberg $L$ $L$ (s, $f\otimes g$ )
$L(s, f \otimes g)=\prod_{p}[(1-\alpha_{p}\gamma_{p}p-s)(1-\alpha_{p}\delta_{p}p-s)(1-\beta \mathrm{Z}\gamma_{p}p-s)(1-c\mathrm{Z}\delta_{p}p-s)]^{-1}$
. $L$ (s, $f\otimes g$) $\sigma>k$
$L(s, f\otimes g)=\zeta$(2s-2k $+2$) $\sum_{n=1}^{\infty}a(n)b(n)n^{-s}$
, $\sigma>k$ .
$\Lambda$ (s, $f\otimes g$) $=(4\pi)^{-s}\Gamma(s)\Gamma(s-k+1)L(s, f\otimes g)=\Lambda$ (2k–1-s, $f\otimes g$)
$\Lambda(s, f\otimes g)$ $s=k,$ $k$ -l $s=k$
Petersson $\langle f, g\rangle$ . $\langle f, g\rangle=0$
$L$ ( $s,$ $f$ \otimes g) $s=k$ $\ovalbox{\tt\small REJECT} \mathrm{I}\mathrm{J}$ .
3. $f,$ $g\in.S_{k}$ normalized Hecke-eigen cuspform . $\zeta(s)_{r}$ $L$ (s, $f\otimes f$ ) $f$











$\epsilon$ . $\delta_{f=g}$ $f=g$ 1 0 .
2









1 . $[6, 7]$ ,
[3, 5, 6] .
$L(s)\in S$ $\Lambda_{L}$ (n) $(L’/L)(s)=-\Sigma_{n=1}^{\infty}\Lambda_{L}$ (n) $n^{-s}$ ( .
Dirichlet $\chi \mathrm{m}\mathrm{o}\mathrm{d} q$ $\mathrm{R}$ $\lambda_{\chi}(\cdot)$ (3.2) .
1 $q$
$\lambda_{\chi}(u)=\sum_{a=1}\overline{\chi}\overline{\tau(\overline{\chi})}$
(a) $\exp(2\pi iau/q)$ .
$n$ $\lambda_{\chi}(n)=\chi(n)$ . $\lambda_{\chi}(\cdot)$ $\chi(\cdot)$
. $h\in C_{c}^{\infty}(0, \infty)$ :
$S(X, h)= \sum_{n=1}^{\infty}\Lambda$L(n) $\chi$(n)h(Xn).
$S$ (X, $h$ ) $\lambda_{\chi}(\cdot)$ Weil 2 . $\Lambda_{L}(n)\chi(n)=$
$\Lambda_{L_{\chi}}(n)$
$S(X, h)= \sum_{n=1}^{\infty}\Lambda_{L}$Xn)h(Xh)
$L_{\chi}(s)$ $u\mapsto h$ (Xu) Weil
$S(X, h)=- \sum_{L_{\chi}(\rho)=0}\int_{0}^{\infty}h(Xu)u^{\rho}\frac{du}{u}+$ O(1). (5.1)
$\lambda_{\chi}(n)=\chi(n)$
$S(X, h)= \sum_{n=1}^{\infty}\Lambda_{L}(n)\lambda_{\chi}(n)h(Xn)$
, $L$ (s) $u\mapsto\lambda_{\chi}(u)h$(Xu) We
$S(X, h)=- \sum_{L(\rho)=0}\int_{0}^{\infty}h(Xu)\lambda_{\chi}(u)u^{\rho}\frac{du}{u}+O(1)$ . (5.2)




. $\zeta(s),$ $L$ ( s, $\chi$ ), $\tilde{L}(s, f,):=L(s+\frac{k-1}{2}, f)$ $L$
$\zeta_{p}$ (s) $:=1-p^{-s}$ , $L_{p}(s, \chi):=1-\chi(p)p^{-s}.$ , $\overline{L}_{p}(s, f):=(1-\overline{\alpha}_{p}p^{-s})(1-\tilde{\beta}_{p}p^{-s})$ ,
$\tilde{\alpha}_{p}+\tilde{\beta}_{p}=a_{f}(p)p^{(1-k)/2},\tilde{\alpha}_{p}\tilde{\beta}_{p}=1$ , , $L_{p}$ ( s, $\chi$ ) $\zeta_{p}(s)$
, $\tilde{L}_{p}$ (s, $f$ ) 2 $\zeta_{p}(s)$
. $h\in C_{0}^{\infty}$ (0, o)




. $\hat{h}$ $h$ Mellin .
) 1
$0<{\rm Re}( \rho)<1\sum_{L(\rho,\chi)=0}\frac{X^{\rho}}{\rho}\sim 0<{\rm Re}(\rho)<1\sum_{\zeta(\rho)=0}\int_{0}^{X}\lambda_{\chi}(u)u^{\rho}\frac{du}{u}$
$(Xarrow+\infty)$
. $X \frac{d}{dX}$
$0<{\rm Re}( \rho)<1\sum_{I_{d}(\rho,\chi)=0}X^{\rho}$ $\sim 0<{\rm Re}(\rho)<1\sum_{\zeta(\rho)=0}\lambda_{\chi}$
(X)X$\rho$ $(Xarrow+\infty)$ (6.3)
. $X$ .
(6.3) $h\in C_{c}^{\infty}(0, \mathrm{x}))$
$\int_{0}^{\infty}h(u.)\sum_{\rho}u^{\rho}\frac{du}{u}=\sum_{\rho}\hat{h}(\rho)$
(6.3)
. (6.3) $L(s, \chi)$ $\zeta(s)$
$\chi$ .
(6.1), (6.2) $\chi(\cdot)$ $\lambda_{\chi}(\cdot)$ (6.3)
.
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